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Abstract: We extend our previous formulation of low-energy QCD in terms of an
effective lagrangian containing operators of dimensionality d ≤ 6 constructed with
pseudoscalars and quark fields, describing physics below the scale of chiral symmetry
breaking. We include in this paper the vector and axial-vector channels. We follow
closely the Extended Chiral Quark Model approach and consistently work in the
large-Nc and leading log approximation and take into account the constraints from
chiral symmetry and chiral symmetry restoration. The optimal fit of all parameters
gives further support to a heavy scalar meson with a mass ∼ 1 GeV and a value
of the axial pion-quark coupling constant gA ≃ 0.55 to 0.66, depending on some
assumptions concerning the Weinberg sum rules.
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1. Introduction of the Extended Chiral Quark Model
The purpose of this paper is to analyze the physics of low-lying scalar, pseu-
doscalar, vector and axial-vector mesons in the framework of the Extended Chiral
Quark Model (ECQM) which was introduced in [1]. We shall see that this model
of low-energy QCD is sufficiently general and robust to allow for a good description
of the vector and axial-vector channels when the model introduced in [1] is suitably
modified to make room for spin 1 resonances. On the other hand, the addition of
vector and axial-vector resonances constraints the parameters of ECQM substan-
tially if experimental data are to be fit consistently. Special emphasis is put on the
axial pion-quark coupling constant[2] gA whose value happens to be crucial to obtain
phenomenologically acceptable values of meson masses and coupling constants. This
effective coupling was taken as a free input in the first version of the ECQM.
In a sense the ECQM lagrangian LECQM systematically extends both the Chiral
Quark (CQM) [2, 3] and Nambu-Jona-Lasinio (NJL) models [4] (see reviews [5]-[10]
and references therein) and is based on the non-linear realization of chiral symmetry1.
Its inspiration is drawn from Wilson’s renormalization-group ideas as well as the
general principles of locality and gauge and chiral symmetry. The basic idea is to
use the degrees of freedom which are relevant at each energy scale. It is therefore
built in terms of colored current quark fields q¯i(x), qi(x) with momenta restricted to
be below the chiral symmetry breaking (CSB) scale ΛCSB ∼ 1.3 GeV, and colorless
chiral fields U(x) = exp (iπ(x)/F0) which are SU(NF ) matrices with generators π ≡
πaT a, a = 1, ..., N2F − 1, and which, naturally, only appear below ΛCSB. The quarks
can be then endowed with a relatively large ‘constituent’ mass without manifestly
breaking chiral symmetry. The information on modes with frequencies larger than
ΛCSB is contained in the coefficients of the effective lagrangian, and used as boundary
conditions (at scale ΛCSB) of the renormalization-group equations. In addition, some
residual gluon interactions remain below ΛCSB. These residual gluon interactions
(much diminished after the explicit inclusion of pions and other resonances) make
the model still confining and thus provide the two point functions with the correct
analytic structure. After a further integration of the heavy ‘constituent’ quarks one
is left with an effective lagrangian written in terms of purely physical degrees of
freedom. In this lagrangian the net effect of the residual gluon interactions is to
contribute to the actual value of the coefficients. In fact, they do so by an amount
that, while important, should not be the dominant one.
As in the previous paper we shall restrict ourselves to the case NF = 2. We add
also external vector,V¯µ(x), axial-vector, A¯µ(x), scalar, S¯(x) and pseudoscalar, P¯ (x)
sources in order to compute the correlators of corresponding quark currents and to
analyze meson properties. These external fields are induced by a minimal coupling
1There exist also extensions based on linear realization of chiral symmetry[11, 12, 13].
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in the QCD Dirac operator (in Euclidean notations)
Dˆ ≡ iγµ(∂µ + V¯µ + γ5A¯µ) + i(S¯ + iγ5P¯ ), (1.1)
where 〈S〉 = mq, the diagonal matrix of current quark masses.
The low-energy effective lagrangian LECQM must be invariant under simultane-
ous left and right SU(2) rotations, ΩR(x), ΩL(x), of quark, chiral and external fields
[2, 3]
U → ΩRUΩ+L , qL ≡
1
2
(1 + γ5)q → ΩLqL, qR ≡ 1
2
(1− γ5)q → ΩRqR,
L¯µ ≡ V¯µ + A¯µ → ΩLL¯µΩ+L + ΩL∂µΩ+L ,
R¯µ ≡ V¯µ − A¯µ → ΩRR¯µΩ+R + ΩR∂µΩ+R,
M¯ ≡ S¯ + iP¯ → ΩRM¯Ω+L . (1.2)
It is convenient to introduce the ‘rotated’,‘dressed’ or ‘constituent’ quark fields [2]
QL ≡ ξqL, QR ≡ ξ†qR, ξ2 ≡ U, (1.3)
which transform nonlinearly under SUL(2)
⊗
SUR(2) but identically for left and right
quark components
ξ −→ hξξΩ+L = ΩRξh+ξ , QL,R → hξQL,R. (1.4)
Changing to the ‘dressed’ basis implies the following replacements in the external
vector, axial, scalar and pseudoscalar sources
V¯µ → vµ = 1
2
(
ξ†∂µξ − ∂µξξ† + ξ†V¯µξ + ξV¯µξ† − ξ†A¯µξ + ξA¯µξ†
)
,
A¯µ → aµ = 1
2
(
−ξ†∂µξ − ∂µξξ† − ξ†V¯µξ + ξV¯µξ† + ξ†A¯µξ + ξA¯µξ†
)
,
M¯ → M = ξ†M¯ξ†. (1.5)
Under SU(2)L ⊗ SU(2)R transformations
vµ → hξvµh+ξ + hξ∂µh+ξ , aµ → hξaµh+ξ , M→ hξMh+ξ . (1.6)
In these variables the relevant part of ECQM action consists of three parts
LECQM = Lch + LM + Lvec, (1.7)
where Lch accumulates the interaction of chiral fields and quarks in the chiral limit
in the presence of vector and axial-vector external fields, LM extends the description
for external scalar and pseudoscalar fields and, in particular, for massive quarks and,
finally, Lvec contains operators generating meson states in vector and axial-vector
channels.
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More specifically
Lch = L0 + iQ¯ ( 6D +M0)Q+ i4δf0
Λ2
Q¯aµaµQ
+
GS0
4NcΛ2
(Q¯LQR + Q¯RQL)
2 − GP1
4NcΛ2
(−Q¯L~τQR + Q¯R~τQL)2,
+
GS1
4NcΛ2
(Q¯L~τQR + Q¯R~τQL)
2 − GP0
4NcΛ2
(−Q¯LQR + Q¯RQL)2, (1.8)
where
Q ≡ QL +QR,
6D ≡6∂+ 6v − γ5g˜A 6a, . (1.9)
with the axial coupling g˜A ≡ 1−δgA in the notations of [1]. The effective coefficients
appearing in the above expression contain contributions from modes above ΛCSB.
The term L0 contains operators involving only chiral fields or external vector and
axial-vector sources, such as for instance a term of the form
−f
2
0
4
traµaµ. (1.10)
We call this and similar pieces ‘bare’ contributions to the chiral effective lagrangian
because they will be renormalized after integration of the low modes of the quark (and
gluon) fields. Their coupling constants at the scale ΛCSB are expressible in terms
of expectation values of the (high frequency) gluon field operators. The normalizing
constant Λ is taken to be ΛCSB.
As the global chiral symmetry holds under simultaneous transformations of cur-
rent quark fields, chiral fields and external sources, the chiral invariance of the dif-
ferent operators of the lagrangian is certainly provided in terms of constituent fields.
Notice that the couplings of the four-fermion operators GS0, GS1, GP0 and GP1 are
in general different.
The massive part LM contains the following operators to the lowest relevant
order
LM = i(1
2
+ ǫ)
(
Q¯RMQL + Q¯LM†QR
)
+i(
1
2
− ǫ)
(
Q¯RM†QL + Q¯LMQR
)
+tr
(
c0
(
M+M†
)
+ c5(M+M†)aµaµ + c8
(
M2 +
(
M†
)2))
, (1.11)
where ǫ and c0, c5, c8 are real coupling constants. The couplings c0, c5, c8 (which only
depend on chiral fields and external sources) are yet another instance of what we
have called ‘bare’ terms. The reader will notice that we have changed slightly our
notation with respect to our previous work in [1]. First the coefficients ci are labeled
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in a way that remind us of the coefficients of the effective chiral lagrangian to which
they eventually contribute. Second, the matrixM introduced here is actually ξ†Mξ†
in the notation of [1]. The present notation considerably simplifies our formulae.
Finally, the quark self-interactions in the vector and axial-vector channels, Lvec,
is implemented by
Lvec = − GV 1
4NcΛ2
Q¯~τγµQQ¯~τγµQ− GA1
4NcΛ2
Q¯~τγ5γµQQ¯~τγ5γµQ
− GV 0
4NcΛ2
Q¯γµQQ¯γµQ− GA0
4NcΛ2
Q¯γ5γµQQ¯γ5γµQ
+ c10tr
(
UL¯µνU
†R¯µν
)
. (1.12)
where the notations L¯µν , R¯µν stand for the strengths of fields Lµ, Rµ respectively
and, again, the couplings GV 0, GV 1, GA0 and GA1 are, in general, different. The term
proportional to c10 is a ‘bare’ term.
Altogether we have eight d = 6 four-fermion operators. Of those we shall only
retain those that will be required in our subsequent analysis and those where a fair
comparison with phenomenology is possible in the SU(2) case. In practice this means
that we retain the operators corresponding to the couplings GS0, GP1, GV 1, GA1 which
describe the phenomenology of I = 1 pseudoscalar, vector and axial-vector mesons.
The iso-singlet scalar channel is essential in our analysis.
We complete this section with a remark on the correspondence between our
notations and those ones in a manifestly chiral-symmetric extended [10, 25, 26] (see
also [27]) NJL model with universal scalar, GS, and vector, GV coupling constants:
GS0 = GP1 = 4π
2GS; GV 1 = GA1 = 8π
2GV . (1.13)
A general introduction to chiral effective lagrangian techniques can be found in
[14, 15, 16]. Their extension to incorporate vector and axial-vector states is dis-
cussed in [17, 18, 19, 20]. The derivation of the chiral effective lagrangian via direct
bosonization methods is discussed in [3, 21, 22, 23].
2. Bosonization of the ECQM with auxiliary fields
Let us add auxiliary fields in the scalar and pseudoscalar channels, Σ˜, Π˜ ≡ Π˜aτa,
and in the vector and axial-vector channel, W˜ (±)µ = W˜
(±)a
µ τ
a, in order to bilinearize
the lagrangian (1.7),(1.8),(1.12) in fermion variables. We replace the four-fermion
interaction by
Q¯
[
iΣ˜− γ5Π˜ + 1
2
γµW˜
(+)
µ +
1
2
γµγ5W˜
(−)
µ
]
Q
+NcΛ
2
 Σ˜2
GS0
+
(Π˜a)2
GP1
+
(
W˜ (+)aµ
)2
4GV 1
+
(
W˜ (−)aµ
)2
4GA1
 (2.1)
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and include an integration over the real auxiliary variables Σ˜, Π˜a, W˜ (+)aµ ,W
(−)a
µ . After
integration of the fermionic degrees of freedom the auxiliary fields will, generally
speaking, propagate. However, some redefinitions will be required. This is the reason
for the tildes in (2.1).
The scalar block of fields in the Dirac operator (1.1) reads
Σ =M0 + Σ˜ +
1
2
(
M+M†
)
+
4δf0
Λ2
aµaµ. (2.2)
Likewise, we group all pseudoscalar fields in the Dirac action into the pseudoscalar
block
Π = Π˜ + iǫ
(
M† −M
)
. (2.3)
Finally, the blocks of (antihermitian) vector and axial vector fields have the following
form
Vµ = vµ − 1
2
iW˜ (+)µ , Aµ = g˜Aaµ −
1
2
iW˜ (−)µ . (2.4)
The bosonization is completed by integration over the quark fields Q¯, Q, which
induces the quark loop effective action W1−loop, in terms of the determinant of (1.1).
This determinant must be regularized with the help of a chirally symmetric regulator
[28] and normalized at a scale µ. The regulator suppresses frequencies above the cut-
off Λ, already introduced as an arbitrary scale normalizing the four-fermion operators,
and which is identified with the scale of chiral symmetry breaking, Λ = ΛCSB. This
cut-off is thus physical and its removal should not be attempted. On the other
hand, µ is the subtraction point and it is quite arbitrary. The µ dependence drops
from observables, provided that we define the coefficients of the effective lagrangian
(M0, GS0, ...) appropriately (see [1]) by introducing running couplings. We may, as we
did in [1], choose the normalization µ ≃ Λ. The parameters of the effective lagrangian
are then defined as those at the CSB scale, which simplifies the expressions noticeably.
In [1] a step-function was chosen as regulator. Had we used another regulator, the
result (except for the logarithmically enhanced terms) would have been different, but
so would the ‘bare’ terms in our effective action, which contain information about
higher frequencies. The result would indeed be scheme dependent. However, since
in practice we cannot really compute these ‘bare’ terms we are limited to using the
(universal) logarithmic terms. This approximation is justified inasmuch as these
terms are numerically dominant.
In particular, the effective potential for a constant Σ field, 〈Σ〉 ≡ Σ0, can then
easily be derived
Veff(Σ0) = Nc
{
Λ2
GS0
(Σ0 −M0 −mq)2 + 1
8π2
Σ40
(
ln
Λ2
Σ20
+
1
2
)}
, (2.5)
revealing a non-trivial minimum given by a solution of the mass-gap equation
Λ2
GS0
(Σ0 −M0 −mq) = − Σ
3
0
4π2
ln
Λ2
Σ20
. (2.6)
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In the weak coupling regime the solution becomes Σ0 ≃M0+mq with M0 ≫ mq for
light u, d quarks. There are no corrections to this result in the large Nc limit.
It follows from eq.(2.6) that it is natural to work not with the original parameters
GS0, GA1, etc, but rather with
G¯S = GS0I0
Σ20
Λ2
, G¯P = GP1I0
Σ20
Λ2
,
G¯V = 2GV 1I0
Σ20
Λ2
, G¯A = 2GA1I0
Σ20
Λ2
, I0 ≡ 1
4π2
ln
Λ2
Σ20
. (2.7)
The parameters defined with bars are the ones controlling the departure from the
‘natural’ solution Σ0 = M0. The weak coupling regime corresponds to G¯≪ 1. In [1]
we defined similar couplings but containing M0 rather than Σ0. We have found that
our expressions simplify when we use (2.7).
In this notation, and neglecting higher powers ofmq, the solution of the mass-gap
eq.(2.6) reads
Σ0(mq) ≃ Σ0(0) +mq 1
1 + 3G¯S
; Σ0(0) ≡ Σ0 = M0
1 + G¯S
. (2.8)
In practice the constituent mass is large enough so that a derivative expansion
in inverse powers of Σ0 makes sense. We can thus write the full quark-loop effective
action. Retaining the logarithmically enhanced part we get
L1−loop ≃ Nc
16π2
ln
Λ2
Σ20
tr
(
(Σ2 +Π2)2 + (∂µ,Σ)
2 + [DVµ ,Π]
2
−4(Aµ)2Σ2 − {Aµ,Π}2 − 4i[DVµ ,Π] Aµ Σ + 2i∂µΣ{Aµ,Π}
−1
6
(
(FLµν)
2 + (FRµν)
2
))
, (2.9)
in terms of (2.2), (2.3), and (2.4). This lagrangian accumulates the one-loop quark
effects and together with bare kinetic term for chiral fields in (1.8) and last lines
of (1.11) and (2.1) forms the effective meson lagrangian in the presence of external
fields.
3. Constant gA, masses and coupling constants of vector fields
Let us examine the effective lagrangian obtained after the integration of the quark
fields in what concerns the axial-vector fields. There is a mass term
∆L = NcI0Σ
2
0
4
tr
(
1
G¯A
(
W˜ (−)µ
)2
+
(
i2g˜Aaµ + W˜
(−)
µ
)2)
. (3.1)
This term can be diagonalized [10, 25] by defining
i2g˜Aaµ + W˜
(−)
µ = i2gAaµ +
1
λ−
W (−)µ , (3.2)
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with
gA =
g˜A
1 + G¯A
, (3.3)
which differs from the related expression in the extended NJL model [10, 25] due to
presence of a bare constant g˜A.
The constant λ− and its vector counterpart λ+ are determined by requiring
the proper normalization of the kinetic term for physical vector fields W (±)µ . The
appropriate normalization constants coincide in (2.9)
λ2+ = λ
2
− =
NcI0
6
. (3.4)
The masses of vector mesons can be evaluated in the large-log approximation from
(2.1) and (2.9).
m2V =
6Σ20
G¯V
, (3.5)
whereas the axial-meson mass is derived from (3.1)
m2A = 6Σ
2
0
1 + G¯A
G¯A
= 6Σ20
g˜A
g˜A − gA . (3.6)
Therefore
gA = g˜A
m2A − 6Σ20
m2A
. (3.7)
Among other characteristics of vector mesons, the coupling constants to external
vector fields are of main importance. They are defined by the following term in the
lagrangian
∆L = i
4
tr
(
fVW
(+)
µν
(
ξL¯µνξ
† + ξ†R¯µνξ
)
+ fAW
(−)
µν
(
ξL¯µνξ
† − ξ†R¯µνξ
))
, (3.8)
whereW (+)µν andW
(−)
µν are the field strength tensors constructed withW
(+)
µ andW
(−)
µ ,
respectively. From the previous expression one easily obtains that
fV = λ+; fA = gAλ− = gAfV . (3.9)
4. Scalar and pseudoscalar sector: mass spectrum and decay
constants
We begin by determining the pion decay constant which can be found by adding
the bare pion kinetic term, (1.8), and the one obtained from the quark loop, shown
in (3.1), after shifting the fields (3.2)
F 20 = f
2
0 +NcΣ
2
0I0gAg˜A. (4.1)
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Recalling that aµ ≃ 2A¯µ − i∂µπ/F0 the bare kinetic term for pseudoscalar fields is
given by
∆L = 1
4
tr
(
(∂µπ˜)
2 +
NcI0gA
g˜A
(∂µΠ˜)
2 − 2NcI0Σ0gA
F0
∂µΠ˜∂µπ˜
)
+
1
4
tr
(
m2piπ˜
2 +
4NcI0Σ
2
0ǫm
2
pi
G¯PB0F0
π˜Π˜
)
, (4.2)
where we have performed a further redefinition of the W (−)µ field so as to cancel the
W (−)µ ∂
µΠ˜ mixing, which brings about another contribution to the Π˜ kinetic term.
The pion mass is generated by the quark condensate
Cq = i〈q¯q〉eucl =
(
2c0 +
Nc
4π2
Σ30 ln
Λ2
Σ20
)
≡ −B0F 20 , (4.3)
according to the Gell-Mann-Oakes-Renner formula, m2pi = 2mqB0 and the masses of
the u, d quarks are taken equal for simplicity. The constant c0 (which was named
c1 in [1]) is required to have a renormalization-group invariant effective potential, as
explained in [1].
In the chiral limit, neglecting with the pion mass, one diagonalizes the kinetic
term with the help of the following transformations
π˜ = π˜′ +
√
1− δ2
δ
Π˜′; Π˜ =
1
δ
√
g˜A
gANcI0
Π˜′, (4.4)
where we have used the following notation: δ ≡ f0/F0. As a result the heavy
pseudoscalar mass is
m2Π =
2Σ20g˜A
δ2gA
(
1
G¯P
+ 1). (4.5)
In the massless limit one can check that heavy pseudoscalar mesons completely
decouple from external axial fields and only the pion couples to them through the
vertex ∼ A¯µ∂µπ˜′. For massive pions one finds in (4.2) an additional mixing between
the fields π˜ and Π˜. After a further diagonalization of the mass term (for light pions,
to the first order in m2pi),
π˜′ ≃ π + d1m
2
pi
m2Π
Π; Π˜′ ≃ −d1m
2
pi
m2Π
π +Π;
d1 =
√
1− δ2
δ
(
2Σ0ǫ
G¯P gAB0
+ 1
)
, (4.6)
and the weak decay coupling constant for heavy Π meson is found to be
FΠ = F0d1
m2pi
m2Π(0)
. (4.7)
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The scalar mass is obtained directly from the lagrangian (2.1), (2.9) deriving the
quadratic form of the fluctuation, Σ = Σ0 + σ˜
m2σ = 2Σ
2
0(
1
G¯S
+ 3). (4.8)
The physical scalar field is given by σ = σ˜
√
NcI0. The reader can easily verify that
all the above formulae reduce to the ones of [1] after taking g˜A = gA, i.e. G¯A =∞.
5. Chiral symmetry restoration and Weinberg sum rules
It was observed in [1] that a useful way of constraining the coefficients of the
ECQM was provided by requiring that at µ = ΛCSB there is an exact match-
ing between the effective theory and QCD (including both perturbative and non-
perturbative contributions) in those channels which are sensitive to chiral symmetry
breaking. The only example which was explicitly worked out in our previous work
was the difference between scalar and pseudoscalar Green functions. In QCD this
difference behaves as 1/p4, p2 being the squared momentum.
Let us continue this program of exploiting the constraints based on chiral sym-
metry restoration at QCD at high energies. For this purpose we focus on two-point
correlators of color-singlet quark currents in Euclidean space-time
ΠC(p
2) =
∫
d4x exp(ipx) 〈T (q¯Γq(x) q¯Γq(0))〉,
C ≡ S, P, V, A; Γ = i, γ5τa, γµτa, γµγ5τa. (5.1)
In the chiral limit the scalar correlator ΠS and the pseudoscalar one Π
aa
P coincide at
all orders in perturbation theory and also at leading order in the non-perturbative
O.P.E.[29, 30, 31] (see also [1, 32, 33]). In fact
(
ΠaaP (p
2)− ΠS(p2)
)
p2→∞
≡ ∆SP
p4
+O
(
1
p6
)
,
∆SP ≃ 24παsC2q ≃ 24B20F 40 , (5.2)
where the vacuum dominance hypothesis[29] has been applied in the large-Nc limit
and the round value αs(1.2GeV) ≃ 1/3 is taken for simplicity[29]. Therefore the
difference (5.2) represents a genuine order parameter of CSB in QCD.
The same is true for the difference between the vector, ΠaaV and axial-vector, Π
aa
A
correlators [35, 36, 37]
(
ΠaaV (p
2)−ΠaaA (p2)
)
p2→∞
≡ ∆V A
p6
+O
(
1
p8
)
,
∆V A = −16παsC2q ≃ −16B20F 40 , (5.3)
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where we have defined in the V,A channels
Πaaµν ≡
(
−δµνp2 + pµpν
)
Πaa(p2). (5.4)
On the other hand, in the large-Nc limit all correlators are saturated by narrow
resonances [40, 41]
ΠaaP (p
2)− ΠS(p2) =
∑
n
[
ZPn
p2 +m2P,n
− Z
S
n
p2 +m2S,n
]
,
ΠaaV (p
2)−ΠaaA (p2) =
∑
n
[
ZVn
p2 +m2V,n
− Z
A
n
p2 +m2A,n
]
− 4F
2
0
p2
. (5.5)
As the two above differences decrease rapidly as p2 increases, one can rightly expect
that only the lowest lying resonances will contribute to (and hence will be sensitive
to) the constraints from CSB restoration.
Thus the resonances described by the ECQM; namely a scalar particle, two pseu-
doscalar, a vector and an axial-vector ones, should provide the leading asymptotic
terms in (5.2) and (5.3). It implies two sets of sum rules which in the vector channel
are known as the Weinberg Sum Rules [42]. In particular, in the scalar channel one
obtains
c8 +
NcΣ
2
0I0
8G¯S
− 4ǫ
2NcΣ
2
0I0
8G¯P
= 0, (5.6)
Zσ = Zpi + ZΠ, Zpi = 4B
2
0F
2
0 , (5.7)
Zσm
2
σ = ZΠm
2
Π +∆SP . (5.8)
The first relation determines the bare chiral constant c8 so that to compensate com-
pletely the local contributions from four-fermion interaction. Two other ones reduce
the number of independent ECQM coupling constants.
The σ and Π masses have already been derived in the previous sections. To
impose the chiral symmetry restoration constraints we need to know the appropriate
residues. These can be obtained from the part of the ECQM lagrangian which couples
scalar and pseudoscalar fields to their sources. Namely
∆L =
[
−2NcΣ
2
0I0
G¯S
σ˜S¯ − 4NcΣ
2
0I0ǫ
G¯P
Π˜aP¯ a − 2B0F 20 π˜aP¯ a
]
= −ασS¯ − αβπaP¯ a −
α
(
2ǫ˜γ + β
√
1− δ2
)
δ
ΠaP¯ a, (5.9)
where the last line is written in terms of the physical fields, i.e. after the diagonal-
ization (4.4). We have used the following notation
α ≡ 2Σ
2
0
√
NcI0
G¯S
, β ≡ B0F0G¯S√
NcI0Σ
2
0
, γ ≡ G¯S
G¯P
, ǫ˜ =
√
g˜A
gA
ǫ. (5.10)
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Comparing the above expressions to the equivalent ones without vector channels, the
only modification consists in the replacement ǫ → ǫ˜. Therefore all other relations
hold as well. Namely the sum rules (5.7) and (5.8) lead to
β =
√
1− m2σ
m2
Π√
1− ∆SP
Zpim
2
Π
≃
√
1− m
2
σ
m2Π
. (5.11)
The approximation made in the previous expression is justified since
∆SP
Zpim
2
Π
≃ 6F
2
0
m2Π
≃ 0.03. (5.12)
Thus, from phenomenology [34] |β| < 1. The relation (5.7) gives
2ǫ˜γ = −β
√
1− δ2 ± δ
√
1− β2, (5.13)
and, since |δ| < 1, it follows that |2ǫ˜γ| ≤ 1.
When taking into account the sum rule (5.13) one can express the parameter d1
in (4.6) solely as a function β
d1 = ±
√
1− β2
β
. (5.14)
The scalar decay constant is defined through the relation
2B0Fσ =
√
Zσ. (5.15)
Therefore
Fσ =
√
NcI0Σ
2
0
B0G¯S
=
F0
β
. (5.16)
It is illustrative to compare the realization of these sum rules in the ECQM to the
one in the usual NJL model, which contains a (light) massive scalar and a massless
pion. In the corresponding correlators one retains only those poles and therefore the
terms accompanying the constant ZΠ should be dropped. The first sum rule then
gives Zpi = Zσ, i.e. the characteristic relation of the linear σ-model. The second sum
rule contains the quantity Zpim
2
σ. In the NJL model
Zpim
2
σ = 16C
2
q
Σ20
F 20
≃ C2q
64π2
NcgA ln (Λ2/Σ20)
. (5.17)
To derive this result the well-known expression for F0 in the NJL model has been
used (equal to our eq. (4.1) with f0 = 0; g˜A = 1). Chiral symmetry restoration
implies that (5.17) must be equal to
24παsC
2
q ≃ C2q
288π2
11Nc ln (Λ2/Σ
2
0)
, (5.18)
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which is obviously not the case since this would require gA ≃ 2.5! This result is
remarkably independent of colors, flavors and scales.
In the vector channel one derives a similar set of sum rules
c10 = 0, (5.19)
f 2Vm
2
V = f
2
Am
2
A + F
2
0 , (5.20)
f 2Vm
4
V = f
2
Am
4
A, (5.21)
f 2Vm
6
V − f 2Am6A ≃ −4παsC2q ≃ −4B20F 40 , (5.22)
Eqs.(5.20), (5.21) are the celebrated Weinberg sum rules, while the last equation
(5.22) was obtained in [35] (related considerations can be found also in [37],[38],[39]).
We have taken into account that
ZVn = 4f
2
V,nm
2
V,n, Z
A
n = 4f
2
A,nm
2
A,n. (5.23)
The first constraint fixes the bare chiral constant c10 and implies the absence of
bilinear local operators in the external fields. The sum rules (5.20), (5.21) determine
the constants fV , fA in terms of vector meson masses and F0. Since in section 3 these
same constants have been determined in terms of I0 and gA we conclude that
gA =
m2V
m2A
=
G¯A
G¯V (1 + G¯A)
, f 2V =
F 20
m2V (1− gA)
=
NcI0
6
, f 2A =
g2AF
2
0
m2V (1− gA)
.
(5.24)
With these constants one can try to saturate the last sum rule (5.22) which
would imply
F 20m
2
Vm
2
A ≃ 4B20F 40 , (5.25)
failing to be satisfied for realistic vector and axial-vector meson masses and for
B0 ≃ 1.5 GeV ≃ 2mV [14, 43] as mA ≫ 4F0. At this point the lowest-resonance
approximation is not anymore satisfactory which reminds us about the situation of
the NJL model in the scalar channel. Certainly higher-mass, excited vector (and
axial-vector) resonances are needed to correct the asymptotic behavior if (5.22) is to
be fulfilled.
6. Chiral constants, fit and discussion
We begin this section by obtaining the values of the chiral constants L5, L8 and
L10. The derivation of the first two constants exactly follows the procedure outlined
in [1]. The results are
L5 =
NcΣ0I0g
2
A
8B0(1 + 3G¯S)
. (6.1)
L8 =
1
64B20
(
Zσ
m2σ
− ZΠ
m2Π
)
=
F 20
16
(
1
m2σ
+
1
m2Π
)(
1− ∆SP
Zpi(m2σ +m
2
Π)
)
, (6.2)
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The term proportional to ∆SP is very small and, in practice, negligible
∆SP
Zpi(m2σ +m
2
Π)
≃ 6F
2
0
m2σ +m
2
Π
< 0.03. (6.3)
Thus one expects that
L8 >
F 20
8m2Π
. (6.4)
Having considered the vector and axial-vector channels, we can also estimate the
low energy limit of the difference vector and axial vector correlators and obtain in this
way the value of the chiral constant L10. In the chiral lagrangian, L10 parameterizes
the operator
−L10tr
(
UL¯µνU
†R¯µν
)
. (6.5)
As c10 = 0, L10 is saturated by vector and axial-vector exchange. From (3.8)
L10 =
1
4
(
f 2A − f 2V
)
= −F
2
0 (1 + gA)
4m2V
. (6.6)
To proceed to an overall fit of the coefficients of the ECQM and in order to make
some physical predictions, let us first specify the input parameters. As such we take
F0 = 90 MeV, m
2
pi = 140 MeV.Then[14, 43] mˆq(1 GeV) ≃ 6 MeV, B0(1 GeV) ≃
1.5 GeV, and, besides, the phenomenological value for the heavy pion mass mΠ ≃
1.3 GeV [34]. We also take the vector meson masses, mV = mρ = 770 MeV and
mA = ma1 ≃ 1.1÷ 1.2 MeV, as known parameters, though we will not be able to fit
both of them so that to satisfy all sum rules (see discussion in previous section).
We start by determining the scalar meson mass based on estimates [14, 15, 16]
for the chiral constant L8 = (0.9± 0.4)× 10−3
m2σ = m
2
Π(
16L8m
2
Π
F 20
− 1)−1 ≃ (900± 300)MeV. (6.7)
Employing the mean value of mσ, we determine in turn β ≃ 0.71.
As discussed, it is not reliable to use (5.22), so we will omit any further reference
to it. As for the second Weinberg sum rule (5.21), we will first assume that it holds
(with only one resonance in each channel, that is) to find that the overall fit is only
marginally consistent. Relaxation of the sum rule (5.21) will then allow for a much
better fit.
We invoke eq.(5.24) to parameterize I0 in terms of gA
I0 =
6F 20
Ncm
2
V (1− gA)
, (6.8)
and eqs.(4.8) and (5.10) to find the dependence of G¯S and Σ0 on gA
G¯S =
βm2σ√
6 B0mV
√
1− gA
− 1
3
, Σ20 =
1
6
m2σ
(
1− 2B0mV
√
1− gA
βm2σ
√
6
)
. (6.9)
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With the help of these formulae one evaluates L5
L5 =
F 20
4mVmσβ
g2A√
1− gA
√√√√1− 2B0mV
βm2σ
√
6
√
1− gA. (6.10)
Consistency with real values of squared roots implies that
1 > gA ≥ min
[
1− 3m
4
σ
2B20m
2
V
(
1− m
2
σ
m2Π
)]
≃ 0.48. (6.11)
This is the absolute minimum of gA, provided that ∆SP can be safely neglected.
This minimum value of gA is attained for mσ = 1060 MeV. If we use the central
value mσ ≃ 900 MeV one has gA ≥ 0.60 for L5 to be real. However, the latter
constant is bounded from the phenomenology of light pseudoscalar mesons to be
L5 = (1.4±0.5)×10−3 for sufficiently heavy scalar mesons. Always sticking ourselves
to the central valuemσ ≃ 900 MeV, the lower value for L5, L5 ≃ 0.9×10−3 is provided
by gA ≃ 0.66 and the mean value, L5 ≃ 1.4× 10−3 is provided by gA ≃ 0.71.
On the other hand gA appears in the relation (5.24) between the masses of
vector and axial vector mesons, m2A = m
2
V /gA (that, again, assumes that the second
Weinberg sum rule is saturated with only one resonance). Then for the allowed range
of L5 one getsmA ≤ 0.95 GeV. Hence, in order to be as close to the phenomenological
value of mA = 1.1 ÷ 1.2 GeV as possible we adopt the lowest possible value for gA
compatible with the experimentally allowed range for L5 and therefore gA ≃ 0.66 if
mσ = 900 MeV. For a heavier scalar meson with mσ = 1060 MeV one reaches the
lowest L5 for gA ≃ 0.62 and predicting mA ≃ 1 GeV.
A low value for gA triggers an unwanted effect, namely, the diminishing of the
dynamical quark mass Σ0 as it follows from (6.9). To optimize the fit one has to
accept larger values for gA and/or heavier masses for scalar meson. In particular,
for the mean values of L5 and mσ, i.e. for gA ≃ 0.71, which leads nevertheless to
unacceptably low values for mA, one gets Σ0 ≃ 150 MeV. The dynamical quark mass
is maximal, Σ0 ≃ 190 MeV, for mσ ∼ 1.1 GeV.
Thus we see that the extension of the ECQM to the vector and axial-vector
channel adds very stringent constraints. While the overall fit is not bad, it is not
brilliant either. In particular the tendency to underestimate the axial meson mass
is evident and clearly means that, as already seen when discussing (5.22), with only
one set of vector and axial vector states one cannot effectively saturate the Weinberg
sum rule (5.21) either (see also the hints in [35]). Therefore let us accept that only
the relation (5.20) holds with a reasonable accuracy and the next one does not. This
implies a modification of eq. (5.24) in the following way
f 2V =
F 20
m2V (1− g2Aξ)
=
NcI0
6
, f 2A =
g2AF
2
0
m2V (1− g2Aξ)
, ξ =
m2A
m2V
6= 1
gA
(6.12)
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The term
√
1− gA in eqs.(6.9),(6.10) should be replaced by
√
1− g2Aξ. The parameter
ξ takes the value ξ ≃ 2.43 for mA ≃ 1.2 GeV.
Let us perform an optimal fit. For mσ ≃ 1 GeV one finds β ≃ 0.64 and L8 ≃
0.8 × 10−3. For gA = 0.55 one obtains L5 = 1.2 × 10−3 and Σ0 ≃ 200 MeV. Then
the vector and axial vector couplings are fV = 0.22 and fA = 0.12 to be compared
with the experimental values [44] from the decay ρ0 → e+e−, fV ≃ 0.20± 0.01, and
from the decay a1 → πγ, fA = 0.10± 0.02. Then from eqs.(3.5),(3.6) and (3.7) one
derives that G¯V ≃ 0.25, G¯A ≃ 0.2, g˜A ≃ 0.66. In addition G¯S ≃ 0.11 from eq.(4.8).
With these values, I0 ≃ 0.1 and Λ ≃ 1.3 GeV. Then the bare pion coupling takes the
value f0 ≃ 62 MeV and for the rest of the parameters we find: δ ≃ 0.7, G¯P ≃ 0.13,
γ ≃ 0.85, and either ǫ ≃ 0.05 or ǫ ≃ −0.51. The naive QCD value ǫ ≃ 0.5 is
disfavored. Finally,
|d1| = 1.2, FΠ = 0.8× 10−2Fpi, Fσ = 1.6Fpi. (6.13)
The constant FΠ has been estimated by different methods [19, 20, 45, 46, 47]) to
correspond to |d1| = 1÷ 3. But it is not yet experimentally measured.
7. Conclusions
1) In [1] we established that the QCD effective action that is appropriate below the
scale of chiral symmetry breaking must contain chiral fields as well as quarks and
gluons. The effective action must also include higher dimensional operators with
relatively weak coupling constants and a relatively large constituent mass. In this
paper we confirm that the optimal fit to meson physics, including vector and axial-
vector channels, favors weakly coupled four-fermion operators, in contradistinction
to the usual NJL model. The strength of the coupling is always referred to the
constituent mass scale Σ0.
2) Let us summarize once more the approximations used to derive the meson char-
acteristics. The most crucial ones are the large Nc and leading-log approximations.
The first one is equivalent to the neglect of meson loops. The second one, in fact,
is fully compatible with quark confinement (due to the residual gluon interactions)
as quark-antiquark threshold contributions are suppressed in two-point functions in
the large log approximation. Furthermore logs are universal and independent of the
method used to separate among low and high frequencies. The accuracy of this ap-
proximation also depends on the influence of heavy mass resonances which are not
included into the particle content of the ECQM. One can actually improve of the
leading-log approximation with the help of higher dimensional operators not retained
in the ECQM lagrangian. But any extension of ECQM should be clearly accompa-
nied with the opening of new meson channels with physical resonances of higher mass
and spin.
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3) In this paper we have used a more conventional [14, 15, 16] value for L5 = (1.4±
0.5) × 10−3 as compared to L5 = 2.2 × 10−3 from [48] because the latter one was
obtained in the assumption of a very light scalar meson. However our analysis has
made evident that the low-mass scalar quarkonium bound state should be quite
heavy (mσ ∼ 1 GeV). Yet it may not be the lightest state as another scalar meson
supposedly exists as a ππ scattering state [49] with a mass of order 500− 600 MeV.
4) The final estimates for effective coupling constants in the scalar and pseudoscalar
channels are shown to be weakly dependent on the presence of vector mesons and
roughly coincide to those ones in [1]. In particular, the dominance of two (or the
second) mass terms in (11) is again proven.
5) The set of CSR constraints predicts unambiguously the value of axial quark cou-
pling to pions quite a different from unity. It may be close to 0.5 conjectured in [36]
but it seems to be unlikely that it reaches this value due to its being bounded from
below because of L5.
6) The predictivity of the ECQM is substantially provided by the CSR constraints,
now enlarged with the Weinberg sum rules. However only the first of them is well
compatible with the particle content of ECQM while the second and the third ones
need at least one more heavy resonance.
7) For completeness we clarify in more detail the consistency of the full set of vector-
channel sum rules (5.20)-(5.22) in the system with two vector and one axial-vector
resonances. This case was firstly analyzed in [35]. A reasonable precision is provided
by the fit
mρ = 770MeV, ma1 = 1170MeV, mρ′ = 1420MeV,
fρ = 0.18, fa1 = 0.11, fρ′ = 0.05, (7.1)
to be compared to the experimental data [34] and some phenomenological estimations
[44]
mρ = 770MeV, ma1 = (1230± 40)MeV, mρ′ = (1465± 25)MeV,
fρ = 0.20± 0.01, fa1 = 0.10± 0.02, (7.2)
as to the value of fρ′ it has not been yet measured. We consider this precision
to be excellent for the leading large-Nc approximation (i.e. without any unitarity
corrections) and from this we conclude that the second Weinberg sum rule and the
last one (5.22) indeed should be applied only to the three-resonance system.
8) By adding two more parameters (GA and GV ) we have been able to predict a
large number of physical parameters in addition to those already determined in [1],
such as fA, fV , mA, mV , L10 and, in particular, we get a very clear handle on gA.
Perhaps more importantly, the ECQM appears to be very robust and allows for this
extension without any problems.
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